We study the normal form of totally real and real analytic submanifolds in C under holomorphic unimodular transformations. We also consider the unimodular normal form of real surfaces in C2 near an elliptic complex tangent with the non-vanishing Bishop invariant or near a non-exceptional hyperbolic complex tangent.
Introduction
In this paper, we study the normal forms of «-dimensional real analytic submanifolds in C"(n > 2) under unimodular transformations. By a unimodular transformation we mean a local biholomorphic mapping which preserves the «-form Cl = dzx A • •• A dz" on C" . For a totally real and real analytic submanifold Mk c C" of dimension k , we will prove that it is locally equivalent to the standard Rk c C" under unimodular transformations if k < «. When k = n, there exists an invariant function attached to M = M". To describe this, we fix p £ M and put (1.1) coM = Cl\M = eieV, e(p)£[0,n), where 6 is a real analytic function and F is a non-vanishing real «-form on M. We will see that M is locally equivalent to the standard Rk c C" under unimodular transformations defined near p if and only if 6 vanishes.
In section 2, we will use Vey's Morse lemma [6] to prove the following: A(z) = ¿z2-¿ z2, l<s<n.
7=1 J=s+X
Moreover, s and coefficients c} (0 < j < oo) give the full set of unimodular invariants of M.
We now consider a real analytic surface in C2 with a complex tangent at 0, which is given by (1.3) M:z2 = ziZi+yz2 + yz2l+H(zi,zi), yeC, in which the power series H(zx, ~zx) begins with the third-order terms, y is a unimodular invariant, and \y\ is the Bishop invariant [2] . The complex tangent of M at 0 is said to be elliptic, parabolic, or hyperbolic according to 0 < \y\ < 1/2, |y| = 1/2, or 1/2 < |y| < oo, respectively. Let X be one of the roots of \y\X2 + X + \y\ = 0. y is said to be non-exceptional if X is not a root of unity. A formal unimodular transformation of C" is defined by (¡>(z) = (<f>x (z), ... , 4>n(z)), where <f>j(z) are given by formal power series in z without the constant term, and <f>(z) preserves Cl. We have (i) a(0)=l for p¿0;or
(ii) a(0, z2)=eie^, 6(0) = 0, and 6(z2) = 6(z2) ifp = 0.
The ingredients for deriving (1.4) are the Moser-Webster normal form and the group of formal automorphisms of a real analytic surface given in [5] . By considering the action of the group of automorphisms on a suitable functional space, we are able to find our normal form and to show that ( 1.4) is realized by a convergent unimodular transformation if and only if its Moser-Webster normal form can be realized by a convergent biholomorphic mapping. In particular, this implies that the unimodular transformation converges when 0 < |y| < 1/2. It also shows that divergence occurs when 1/2 < |y| < oo. One notices that \y\, s, and the sign of p are the full set of invariants given in [5] .
Totally real submanifolds
Throughout the discussion of normal forms, mappings and transformations are always defined in small open sets which are not specified. In particular, / : (X, xo) -> (Y, yo) denotes a mapping which is defined near xo and f(xo) = yoWe now consider the normal form of a totally real and real analytic submanifold Mk c C"(« > 2). For k < «, we want to show that Mk is equivalent to the standard Rk by unimodular transformations. For the proof, let ¿; = cp(z) be local holomorphic coordinates such that <p (0) The above argument also shows that a totally real and real analytic submanifold Mn c C may be locally transformed into R"-1 x C under unimodular transformations. However, there exists a functional module of obstructions to straighten M" to be R" .
Let Mn cC" be a totally real and real analytic submanifold containing p . Since M is totally real, we have % / 0. To describe the intrinsic property of com , we consider an arbitrary real analytic parameterization cp : (Rn, 0) -* (M, p) and let oe9 = <p*a>M-Obviously, Wç is a nowhere vanishing real analytic «-form. Conversely, for a nowhere vanishing C-valued real analytic «-form co defined near 0, there exists a totally real and real analytic submanifold cp : (Rn, 0) -» (C" , 0) which realizes co. To see this, we write co = a(x)dxx A •A dxn . Then there exists a C-valued real analytic function b(x) given by the equation^^-= a(x), b(x) = 0 forx"=0. We now understand that classifying totally real manifolds under unimodular transformation is the same as classifying real analytic functions under volumepreserving mappings.
Proof of Theorem 1.1. Choose a real analytic parameterization 4> '■ (R"> 0) -» (Mn , p) such that 4>*com is given by (2.2). By Vey's Morse lemma [6] , there exists an analytic mapping / : (R" , 0) -> (R" , 0) which preserves the standard volume form on R" and transforms
where «(tu) = £*=1 wj -£>«*+] w2 (s > 1). Furthermore, {s, Cq, cx ,...} is the full set of unimodular invariants for the function 6 . Hence for a volumepreserving transformation, we may assume that (2.2) has the form Set cp*Cl = co. From (2.4) and (2.5), we have
which, in view of (2.3), is exactly the equation (1.2). Therefore, by (2.5), the solution to (1.2) defines a mapping cp such that cp(Rn) is the normal form for the given M. One notes that the convergence of the solution follows easily from (2.1). Since {p, Co, cx,...} is the full set of unimodular invarians of 6 , it also provides the full set of unimodular invariants for M by Lemma 2.1. This proves the theorem, d
To discuss the global invariant, we assume that N is an «-dimensional complex manifold with a non-vanishing holomorphic «-form Cl. Let / : M -* N he a totally real immersion or embedding. Assume that M is orientable and is given a volume form co. Write fi*Cl = ppco, where p and p are smooth functions with p > 0, \p\ = 1. Alternatively, p can be defined as follows. Choose a unimodular frame vx, ... ,vn for TXM. Let ex, ... , en be a unimodular frame for TÍl'^N. Then dfx(vx, ... We notice a standard fact due to Moser [4] that when M is compact, there exists a 1-parameter family of automorphisms <f)t of M such that 0o = Id, 47x(pco) = ceo, in which c = JM pcoj JM co. Therefore, for a compact and orientable manifold M of volume form co, a totally real immersion / : M -► N is regular homotopic to a totally real immersion / : M -+ N which satisfies f*Cl = epeo, where c is constant. One can see that c is a global unimodular invariant. We should mention here that the above ûf for totally real immersion / : M -> N has appeared in [3] , where F. Forstneric defined an index homomorphism from Hx (M, 17) into Z which is analogous to a definition of Maslov index for Lagrangian manifold given by V. I. Arnol'd [1] . Here we consider totally real immersions in an ambient complex manifold N of which the canonical line bundle is trivial. In fact, when the ambient space N is compact or simply connected, the cohomology class r> is independent of the choices of holomorphic volume forms on N.
Normal forms of Moser and Webster
We will recall the Moser-Webster normal forms of real surfaces under biholomorphic transformations, which will be used in the next section.
Let M c C2 be a real analytic submanifold with a complex tangent at 0 £ M. For a linear unimodular change of coordinates, we may assume the zi-axis is tangent to M at 0. Then M is given by z2 = az\ + bz{zx + cz\ + 0(|zi|3). We make a non-degeneracy assumption that b ^ 0. Applying the unimodular transformation (zx,z2)~(b\b\-hx,b-x\b\h2), we achieve 6=1. Hence M : z2= dz2 + zxzx + yz\ + 0(|zi|3). By a qudratic unimodular transformation (zx, z2) i-> (zx, z2 -(a -y)z\), we obtain t*x\ *, (z2 = q(zx,zx) + H(zx,z-x), H(zx,zx) = 0(\zx\i),
\q(zx,zx) = zxzx + yz\ + yz\, y£C.
We want to show that y is a unimodular invariant. To see this, consider another surface M':z'2 = z'xjx + y'zf+fz7] + 0(|z',|3).
Assume that there exists a unimodular transformation F(zx, z2) such that F(M) = M'. Since dF(0) preserves the zi-axis, we have F(zx, z2) = (azx + bz2, cz2) + 0(2). From the defining functions of M and M', we get c(zx~zx + yz\ + yz~\) = |a|2z, z, + a2y'z\ + a2/ z2 + 0(\zx |3).
Since ac = 1, the above equation implies that c = 1 = a and y = y'. For later use, we note that under the assumption of y = y', we have det(DF) € R \ {0} even without restricting F to be unimodular. For a biholomorphic change of coordinates, y may be replaced by the Bishop invariant \y\. We now consider only cases |y| ^ 0,\, or 1/2 < |y| < oo with nonexceptional values. We need the following: Theorem 3.1 (Moser-Webster [5] ). Let M be a real analytic surface given by (3.1). Then M is formally equivalent to (3.2) Qy,i,s--x1 = z{zx +(1 +exs2)(yz2 + yz2l) , y2 = 0 , of which s is a positive integer with e = ±1, or e = 0 (s = oo). The full set of formal invariants of M near 0 is given by {\y\, e , s}. Denote by A\it(Qy,e,s) the group of formal automorphisms of Qy,c,s-Then Aut(Qy>o,s) consists of transformations in the form:
(zx, z2) •-> (zxa(z2), z2a2(z2)), a(z2) = a(z2), a(0) ¿ 0.
In the case e #0, Aut(Qy>CiS) = {1, a \ o(zx, z2) = (-z,, z2)}.
Normal forms for unimodular transformations
We first discuss the formal theory of normal forms under unimodular transformations. Therefore, surfaces and transformations are given by formal power series. From the normalizing condition /(0, z2) = el6(Zl), we obtain a functional equation
where a(z2), r0(z2) have real coefficients and non-zero constant terms. We want to verify (b) by showing the existence and uniqueness of solution a(z2) to (4.2). To solve (4.2), rewrite a(t) = a(0)(l + A(t)) and r0(a2(0)t) = r0(0)(l + b(t)).
Then (4. It is easy to see that a satisfies the normalizing condition stated in Lemma 4.2. Clearly, y/(Qy,e,s) is given by (1.4) with p = er'is e R \ {0} for e ^ 0 or p = 0 for e = 0'.
To show the uniqueness of normalizing unimodular transformations, we assume that there exist unimodular transformations cpx, cp2 : (M, 0) -> (v(Qy,e,s),0)-Let (j) = y/-xtp2cp-xy/. Obviously, det(D<¡)(0)) = 1. The uniquness given by Lemma 4.2 implies that 4> = Id for the case e ^ 0. Hence cpx = cp2. Next we assume that e = 0. We recall that 0 e Axxt(Qy t s) is given by (4.5) <p : (zx, z2) H+ (a(z2)zx, a2(z2)z2).
Clearly, we have^2 i»rV U,=o: Z2^6(z2)z2, in which b(z2) is a power series of real coefficients. We now have det(£ty)(0, z2) = det^-WrVXO, 22) = ei{0{Zï)-mz^)].
On the other hand, from 4>(zx, z2) = (a(z2)zx, a2(z2)z2), we get ei(0(z2)-e(b{z2)z2)) = fl3(z2) + 2z2fl2(z2)a'(z2).
Since 6, a, and b have real coefficients, we have a = 1 = b. Therefore cpx = cp2. The theorem is proved. D
Next, we will deal with the problem of convergence. Let M be a real analytic surface as in Theorem 1.2. It is clear that if the normal form (1.4) is realized by convergent unimodular transformations, then M can also be transformed into the normal form of Moser-Webster. It is known that when the complex tangent is hyperbolic, the normal form (3.2) may not be realized by biholomorphic mappings [5] . Therefore, the unimodular transformation in Theorem 1.2 diverges in general when the hyperbolic complex tangent occurs. On the other hand, when the complex tangent is elliptic and y ^ 0, M can indeed be transformed into (3.2) by biholomorphic mappings. By the implicit function theorem, A*(t) actually converges near t = 0. It is clear that A(t) -< A*(t). Therefore, the solution to (4.3) converges, and the proof is complete. D
In [5] , it is proved that a real analytic surface given by (3.1) with 0 < |y| < 1/2 can be transformed into the normal form (3.2) through biholomorphic mappings. Now Theorem 1. 
